INTRODUCTION
Ž Partial algebraic structures e.g., linear spaces with a non-everywhere . defined multiplication have received a certain attention in the last decade, mainly because of the fact that a lot of instances arising in quantum w x physical applications fit in a quite reasonable way into them 1᎐7 . But also pure mathematicians are familiar with a series of relevant examples where the multiplication is defined only for certain couples of elements: think of L p -spaces or of spaces of distributions. Actually, the problem of the multiplication of distributions, within the w x framework of the so-called duality method 8, Sect. II.5 , is the main topic w x of this paper. After the celebrated result of L. Schwartz 9 on the impossibility of multiplying two Dirac delta measures massed at the same point, several possible approaches to the multiplication of distributions Ž w x . have been proposed see 8 and references therein .
In this paper we will extend the duality method to a more general situation and the multiplication of distribution is studied in the more abstract setting of composition of continuous linear maps acting in locally convex spaces. As we shall see, partial algebraic structures will play a relevant role in the whole discussion. Ž In Section 2 we introduce distributions associated to a possibly un-. 2 Ž . Ž bounded self-adjoint operator A in L ⍀, where ⍀ is a locally . compact Hausdorff measure space with a positive Borel measure as Ž .
ϱ continuous linear functionals on the space S S ⍀ of all C -vectors for A. A We then study the structure of the corresponding space of distributions, X Ž . Ž . denoted with S S ⍀ and called, shortly, A-distributions . In particular we A X Ž .
give conditions on A for S S ⍀ to be a quasi *-algebra in the following The most typical instance of a topological quasi *-algebra is provided by the completion of a topological *-algebra whose multiplication is not Ž p jointly continuous L -spaces are examples of this kind, since they can be viewed as the completion of the space of continuous functions, with w x. compact support 10 . Ž n . In Subsection 2.1, we show that the space S S Ј ‫ޒ‬ is a topological quasi Ž n . *-algebra over S S ‫ޒ‬ with respect to the natural multiplication and then, in Subsection 2.2 we extend, under certain conditions for A, this result to spaces of A-distributions. Ž X Ž . Ž .. In the case where S S ⍀ , S S ⍀ is a quasi *-algebra one can consider
We start from this idea to reformulate in a different way the problem of multiplying distributions: we just look for conditions under which the product of the corresponding multiplication operators exists and is still an operator of multiplication by a distribution. In order to do this, we first discuss, more abstractly, the problem of the multiplication in spaces of continuous linear maps acting in rigged Hilbert spaces. To be clearer we give some basic definitions.
Let D D be a dense subspace of Hilbert space H H. Let us endow D D with a locally convex topology t, stronger than that induced on D D by the Hilbert w x norm and let D DЈ tЈ be its topological conjugate dual endowed with the strong dual topology tЈ defined by the set of seminorms 
Ž .
Ž .
q Ž . 
the set R S S is defined in an analogous way. The set M S S s L S S l R S S is called the set of universal multipliers of S S.
Coming back to the multiplication of distributions, the outcome of Section 3 is that, even when two distributions can be multiplied, their Ž product is not, in general a distribution, but a more general object a necessary and sufficient condition is given in the case of tempered distri-. butions . Finally we show that there is no way, also in this set-up, to define the square of a Dirac ␦-measure, according to the already quoted Schwartz's result. g H H is then a continuous embedding with dense range. This topology, denoted as t , can be, for instance, described by the 
QUASI *-ALGEBRAS OF DISTRIBUTIONS
n which is non-decreasing when A G ‫.މ‬
Ž . Ž . The conjugate dual, D D
A , of D D A is endowed with the strong dual yϱ ϱ topology, t X which can be viewed as the inductive limit of the spaces
In this case, the strong dual topology can be defined, instead of the set Ž . of seminorms 1 , by the equivalent family of seminorms
where F F is the class of all the positive bounded and continuous functions Ž . f x on ‫ޒ‬ , which decrease faster than any inverse power of x, such that
In what follows we will investigate chains of the type described above
Ž n .
S S Ј ‫ޒ‬
as a Quasi *-Algebra. Before going forth we discuss a Ž n . 2 Ž n . Ž n . special example. Let S S ‫ޒ‬ ; L ‫ޒ‬ ; S S Ј ‫ޒ‬ be the rigged Hilbert space constituted by Schwartz's space of a rapidly decreasing C ϱ -function, by the space of square integrable functions on ‫ޒ‬ n , and by the space of
where J is the closure of the operator J defined on C ‫ޒ‬ by J f
The operator J is self-adjoint and posi-0 2 ÄŽ . tive, its spectrum is discrete and consists of its eigenvalues: 2 n q 1 ,
As is known, the topology of S S ‫ޒ‬ can also be described by the seminorms
Making use of these seminorms, it is quite easy to prove that S S ‫ޒ‬ is a Ž .
Ž . defined by * x s x and the multiplication is defined as the usual Ž .
multiplication of functions.
5 5 If we make use of the seminorms then for each n g ‫ގ‬ there exists n C ) 0 and k g ‫ގ‬ such that
Ž . the continuity of ⌽ and 3 , we can find a bounded set M M, n g ‫ގ‬ and positive constants C , C such that 1 2
Therefore, ⌽ is a continuous linear functional on S S ‫ޒ‬ . q Ž n . Now, we define an involution in S S Ј ‫ޒ‬ which extends the involution Ž n . of S S ‫ޒ‬ . This can be done by setting
where
The involution defined in this way, satisfies the equality
Ž n . Furthermore, it is continuous, since, if M M is a bounded subset of S S ‫ޒ‬ , there exists C ) 0 and n g ‫ގ‬ such that
Ž n . is continuous. Indeed, let M M be a bounded subset of S S ‫ޒ‬ . We have
The set M M is still bounded in S S ‫ޒ‬ since it is the continuous image of a bounded set.
Finally, it is well known that as a consequence of the reflexivity of n n Ž . Ž . w x S S ‫ޒ‬ , this latter is dense in S S Ј ‫ޒ‬ 13 . We will now discuss the problem of defining a multiplication in the rigged Hilbert space
Ž . conjugation . For this to happen we need first that if
f g D A then Ž . Ž . Ž . f* g D A with f * x s f x . If Af * s " Af *,this property is true for
Ž .
the powers A n of A, too. From now on, we assume that A always commutes with the conjugation. This fact also implies that the map For the reasons discussed above, from now on we will always consider 2 Ž . self-adjoint operators in L ⍀, with the following properties:
Ž . We will now study the algebraic structure of S S ⍀ .
A

Ž .
First, it is easy to prove that S S ⍀ is a partial *-algebra considering
is continuous.
where M M * is bounded, since so M M is. 
Ž . Ž . Let M S S ⍀ denote the following subset of S S ⍀ :
Proof. By the continuity of F, there exists C ) 0 and n g ‫ގ‬ such that and thus finally, for a suitable CЉ ) 0
is continuous in
uous, then the map
In many situations the continuity condition given in the above two propositions is automatically fulfilled.
PROPOSITION 2.6. If ⍀ is an open subset of ‫ޒ‬
n with finite Lebesgue < < Ž . We will now revisit some well-known examples in the light of the above discussion. 10 . In this case, as is clear, the 
Ž . measure ⍀ , then the map g g S S ⍀ ¬ fg g S S ⍀ is continuous for each
A A Ž . f g MS S ⍀ . A Ž . Ž .
Proof. We will show that the map g g S S ⍀ ¬ fg g S S ⍀ is closed
and define
Ž . operator which maps f g L ‫ޒ‬ into its Fourier transform f g L ‫ޒ‬ , we have, from well-known properties of the Fourier transform
Ž .
and
Because of these properties it is enough to consider only D D Q to get
ϱ Ž . information also on D D P and conversely. First we notice that, if f g ϱ Ž . D D Q , then a simple application of the Schwarz inequality implies that 1Ž .
Ž . f g L ‫ޒ‬ and so f g C ‫ޒ‬ , the space of continuous functions vanishing at ρ ϱ Ž . Ž . infinity. Thus f g C ‫ޒ‬ l C ‫ޒ‬ . In a similar way, one can prove that 
It is worth mentioning that the construction outlined in this section allows us to get spaces of A-distributions whose elements are not distributions in the usual sense. Indeed, starting from any self-adjoint 2 Ž . operator A in L ⍀, , we can define, for any ) 1, a new operator 
Ž . Ž .
To be more definite, let us now consider the case where ⍀ s ‫ޒ‬ and A s J as in Subsection 2.1, or A s P s iD as in Example 2.8 and construct the Ž . X Ž . Ž . 
Ž . Ž . corresponding spaces S S ‫ޒ‬ , S S ‫ޒ‬ . As well as S S ‫ޒ‬ s S S ‫ޒ‬ ; S S ‫ޒ‬
A A J P Ž . Ž . X Ž . X Ž .
Ž . one finds S S ‫ޒ‬ ; S S ‫ޒ‬ and therefore S S ‫ޒ‬ ; S S ‫ޒ‬ . Applying 4 for
Žwe note that the definition of the Gevrey spaces makes use on the l.h.s. of ϱ 2
. the L -norm instead of the L -one . The corresponding space of -ultra-X Ž . distributions is then a subset of S S ‫ޒ‬ . We hope to discuss in more detail J examples of this kind in a further paper.
MULTIPLICATION OF DISTRIBUTIONS
Throughout this section we will consider only spaces of A-distributions for which the assumptions of Proposition 2.5 are fulfilled. Accordingly,
This is a continuous linear map of M S S ⍀ into S S ⍀ . Indeed, if M M is
A A w x bounded in S S t , by the continuity of F, there exists C ) 0 and n g ‫ގ‬ A A such that
Then, making use of the continuity of the multiplication, we can find a new constant CЈ ) 0 and m g ‫ގ‬ such that
Therefore, we can get information about multiplication of two distributions F, G from the multiplication of the corresponding operators L and
It is worth mentioning that if M S S ⍀ is dense in S S
can be identified, in a natural way, with In both cases one has to consider refinements of w x rigged Hilbert spaces in the sense of 23 . In what follows we reformulate w x w x in the language of 21 some results of 22 . Let E E be a locally convex space satisfying
where, as before,¨denotes continuous embeddings with dense range. In w x Ž . the language of 21 , a subspace of D DЈ satisfying 5 was called an interspace. We will maintain this terminology. PROPOSITION 
Let E E be an interspace and E E Ј its dual. If E E¨E E Ј then E E ; H H.
Proof. By the assumption, E E is a non-degenerate pre-Hilbert space with respect to the form defining the duality and extending the scalar Ž . product of D D. Since for each g g E E, the linear functional f ¬ f, g is Ä 4 continuous on E E and from the embedding E E¨E E Ј, if p is a directed ␣ family of seminorms defining the topology of E E we get
From this it follows that the norm-topology on E E defined by the scalar product is weaker than the initial topology of E E. Let E E h denote the conjugate dual of E E with respect to the norm. Then we have
We denote with L L E E, F F the space of all continuous linear maps from E E into F F and definẽC
or, equivalently, byX
Ž where the X resp., Y denote the extension of X resp., Y to E E resp.,
This definition, however, may depend on the particular choice of the w x interspaces E E, F F 22 . We We will now show that the above proposition allows us to get partly two well-known results on the multiplication of distributions. Ž . In order to make of L L D D, D DЈ a partial *-algebra with respect to the multiplication defined above we need confine ourselves to families of interspaces that make possible the product to be independent of the choice of the interspaces used to factorize it. In order to get this the Ž . w x condition iii below is essential 22, Proposition 3. 2 .
w x A family L L of interspaces is called a multiplication framework 21 if 
We now apply these ideas to the case of L L M S S ⍀ , S S ⍀ .
A A First we need to choose the multiplication framework L L . A natural n Ž . choice is, clearly, to take it as the chain H H ⍀ defined in Subsection 2.2;
⍀ is a Banach space with respect to its A A natural norm A , r
is a Banach space with respect to the norm
⍀ is linear and To end this paper, we will show how the results obtained so far allow us Ž . w x to prove in a different way the well known result of L. Schwartz 9 on the non-existence of ␦ 2 .
Ž n . PROPOSITION 3.14. The distribution ␦ g S S Ј ‫ޒ‬ cannot be multiplied by itself in the sense of Definition 3.2. This result, as well as other impossibility results of the same kind, depends strictly on the framework where the problem of multiplying two distributions is considered. Apart from the duality method, several other Ž approaches have been developed in the literature regularizing procedures, w x. methods of complex or harmonic analysis, etc., 8 . For this reason these impossibility results do not prevent us from trying to develop methods that 2 Ž w x allow also a definition of ␦ for recent results in this direction see 25 . and references therein .
Proof. It is easily seen that
